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EXAt-IPLES  OF  P.D.F. 's  OF  SUMS  AND  PRODUCTS 


Summary 

In  this  note  the  calculations  of  the  probability  density  functions  (p.d.f. 's)  of 
the  stuns  and  products  of  random  variables  are  demonstrated.  The  random  variables  are 
selected  pair-wise  from  four  variables  whose  probability  density  functions  are  shown 
below : 


(a) 


Triangular 
p(x) 


-1 


(o)  Rectangular 
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P(x)  =  •< 


1+x 

1-x 
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X  <  -1 
-1  <  X  <  0 
0  <  X  <  1 
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pU)  =  \ 


0 

1 
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L  0 


X  <  -1 
1  <  X  <  1 

X  >  1  . 


(d)  Sinusoidal 


P(x) 


x  <  -1 
■1  <  X  <  1 


0 


X  >  1 
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There  are  altogether  10  different  pairs  for  the  sums  and  the  same  number  of  pairs  for 
the  products-  They  are  listed  according  to  the  follovrlng  scheme: 


a 

b 

c 

d 

a 

1 

5 

6 

7 

b 

2 

8 

9 

c 

3 

10 

d 

4 

It  Is  evident  that  the  blank  spaces  represent  pairs  which  are  merely  repetitions  of  the 
10  basic  pairs. 

In  sections  I  and  II  the  p.d.f. 's  are  calculated  respectively  for  the  sums  and 
products  of  the  pairs  of  variables  which  are  considered  statistically  Independent.  Then 
in  section  III,  pair  2  (l.e.,  the  gausslan-gausslan  ccsnbinatlon)  Is  treated  for  the  case 
when  the  two  gausslan  variables  are  dependent,  as  expressed  by  their  covariance  matrix. 
In  section  IV,  pair  4  is  treated  for  the  case  when  the  two  sinusoidal  variables  are 
dependent. 

With  the  exception  of  one  case,  all  results  are  expressed  In  terms  of  tabulated 
functions.  The  formulae,  the  tables  and  the  graphs  of  the  p.d.f. 's  are  given  for  all 
these  cases. 

I.  SUM  OF  Tvra  INDEPENDEWr  VARIABI£S 

Let  X  and  y  be  two  Independent  random  variables  and  s  be  their  sum.  The  p.d.f. 's 
of  X,  y,  and  s  are  represented  by  Pj^(x),  P2(y)  and  p(s)  respectively.  The  Joint  p.d.f. 
of  X  and  y  Is  given  by 

W2(x,  y)  =  Pj^(x)  P2(y)  •  (l-l) 
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It  Is  evident  from  the  figure  that: 


/b  p  OO  p  b-X 

p(s)  ds  =1  /  /  W2(x,  y)  dy  dx 

■00  ^  -OO  ^  -00 

poo  pS-x 

=■  /  /  Pi(x)  Po(y)  dy  dx 

'■'  -QO  -QO 


Differentiating  both  sides  with  respect  to  S: 

>oo 

-CD 

«oo 

-QO 


p  oo 

p(S)  =  /  W  (x,  S-x)  dx 

V  -OQ 

p  OO 

=  /  Pi(x)  Pp(S-x)  dx  . 

-on 


(1-2) 


(l-3a) 

(l-3b) 


Equation  (l-3a)  applies  to  the  general  case  when  x  and  y  may  or  may  not  be  dependent 
while  equation  (l-3b)  applies  only  to  the  case  where  x  and  y  are  Independent.  The 
integral  operation  in  (l-3b)  is  called  the  convolution  of  Pj^(x)  and  PgCy)* 

Using  either  (l”3a)  or  (l-3b),  the  10  cases  for  the  sums  cited  in  the  summary  have 
been  evaluated  and  the  results  of  the  evaluation  are  listed  on  the  next  page.  Since 
the  p.d.f. 's  are  all  even  functions  of  s,  only  the  values  for  s  >  0  are  considered. 
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No.  Sum  of 


1.  a  a 


2.  b  +  b 


P(s) 


|” i  |^3s^  -  6s^  +  4^ 

^  ^-8^  +  6b^  -  12b  +  8^ 


Lo 


2^ 


0  <  s  <  1 

1  <  B  <  2 

s  >  2 


c  +  c 


d  +  d 


a  4-  b 


6.  a  +  c 


a  +  d 


f  (2-8) 

4 


r  1 K  (yd  -  |)(i .  §)) 


where  K  18  the  coaqplete  elliptic  Integral 
of  the  first  kind. 


Lo 


(s+l)  0"^  (s+l)  -2s  0"^  (s)  +  (s-l)  0'^  (s-l) 


r  -  — 

^  ~  h  M 

[' 

^^e  cosh  s-l) I 

where  (Zl*^  Is  the  error  Integral. 
0 


i  (2-s2) 
4 


^  (s2  -48+4) 


0  <  8  <  2 


s  >  2 


0  <  8  <  2 


8  >  2 


0  <  8  <  2 

8  >  2 

0  <  s  <  1 

1  <  8  <  2 
8  >  2 


I"  i  -[(s+l)  cos"^  8  +  (1-b)  ^sin"^  8  +  sln"^  (I-b)^ 

+  -^28-82  -2  Vi-b2  I 

i  -1(1-8)  cos”^  (s-l)  +  ^2b-B^  ^ 


0  <  8  <  1 


1  <  8  <  2 
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Sum  of 

p(b) 

b  +  c 

i  (s+1)  -  0"^  (s-l)j 

'h  ^  H 

x2 

1  1. 

U  X  u 

it^  V^l-(s-x)2 

c  +  d  ^ 

f—  cos"^  («-l) 

1  2K 

.0 

dx 


0  <  s  <  2 

8  >  2 


The  graphs  of  these  p.d.f. 's  are  shown  as  Figs.  1*10.  With  the  exception  of  case  9/ 
all  graphs  were  obtained  from  tabtilated  functions.  Case  9  vas  obtained  by  direct 
computation*  using  IBM  Coiqniter  1620. 


s 


Fig.  1.  P.O.F.  of  s  ■  X  -t-  y,  X  and  y  Independent  , 

X  ■  triangular  vcudate,  y  *  triangular  variate. 


*W.H.  Lob  helped  In  programing  this  confutation. 
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II.  PRODUCT  OF  TWO  INDEPENDENT  VARIABIFIS 

Let  X  and  y  be  two  Independent  random  variables  and  z  be  their  product.  I'he  p.d.f. 
of  X,  y  and  z  are  represented  by  P]^(x),  P2(y)  and  p(z)  respectively.  The  Joint  p.d.f. 
of  X  and  y  is  given  by 

waUi  y)  -  PiU)  P2(y)  •  (ii-i) 

It  la  evident  from  the  figure  that  for  Z  >  0 


(II-2) 


Differentiating  both  sides  with  respect  to  Z, 

p(Z)  -  2  J^°°W2(x,  |)  i  dx  (Il-3a) 

Xoo 

J  Pl(*)  P2<  I  )  £ 

Eqiuatlons  (ll-3b)  applies  only  to  the  case  where  x  and  y  are  Independent  ^le  (ll-3a) 
Is  not  so  restricted. 
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Using  either  (ll-3a)  or  (ll-3h},  the  10  cases  for  the  products  cited  in  the 
summary  have  been  evaluated  and  the  results  of  the  evaluation  are  listed  helow.  Again, 
since  the  p.d.f.  's  are  even  functions  of  z,  only  positive  values  of  z  are  considered. 


No.  Product  of 

1.  a  X  a 


2.  b  X  h 


_ Eiz] _ 

,  2  ^(1+z)  In  I  -  2(l-2)j 

.0 

I  1  (iz) 

where  is  the  Heuikel’s  function 

of  zero  order. 


3.  c  X  c 


0  <  z  <  1 
z  >  1 


0  <  z  <  1 
z  >  1 


4.  d  X  d 


3-  a  X  b 


4  K(1-z2)  0  <  z  <  1 

S  where  K  is  the  coBg;>lete  elliptic  Integral 
of  the  first  kind. 

z  >  1 

'J:_  Ei  (  -  20°(z)  +  2z  [|  -  rHz)] 

where  El  is  the  exponential  Integral,  the 
gausslan  p.d.f.,  and  is  the  error  Integral. 

N 


0  <  z  <  1 
z  >  1 

0  <  z  <  1 
z  >  1 
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Mo.  Product  of 


9.  b  X  d 


10.  c  X  d 


0  <  z  <  1 

z  >  1 


Fig.  12.  P.D.F.  of  z  ■  xy,  x  and  y  Independent^ 

X  ■  gausslan  variate,  y  -  gauaalan  variate. 
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z 

Fig.  13.  P.D.F.  of  z  -  xy,  X  and  y  independent, 

X  >  rectangular  variate,  y  ■  rectangular  variate. 


z 

Fig.  14.  P.D.F.  of  z  >  xy,  x  and  y  Independent, 

X  ■  sinusoidal  variate,  y  sinusoidal  variate. 


1.2 


z 

Fig.  1^.  P.D.F.  of  z  ■  xy,  x  and  y  Independent, 

X  «  triangular  variate,  y  ■  gaussian  variate. 
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Fig.  18.  P.D.F.  of  z  ■  xjr,  X  and  7  independent 


X  ■  geueslen  variate,  7  -  rectangular  variate 
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t.8 


Fig.  19.  P.D.F.  of  z  ■  xy,  X  and  y  Independent, 

X  >  gauaslan  variate,  y  ■  sinusoidal  variate. 


z 


Fig.  20.  P.D.F.  of  z  ■  xy,  x  and  y  independent, 

X  «  rectangular  variate,  y  ■  sinusoidal  variate. 


lU 


loxmllzad  variance  ■  1 


III.  SUM  AND  PRODUCT  OF  TWO  D&PENDEaiT  GAUSSIAN  VARIABIfS 


Let  X  and  y  be  two  dependent  gausslan  variables  whose  Joint  p.d.f.  Is 


VoU,  y)  •  ^ 


.  jr) 


(III-l) 


where  the  covariance  matrix  Is 


c  :]. 


(III-2) 


Its  deteinlnant  Is 


I  b  I  ■  l-p2  , 


(III-3) 


and  the  qjoadratlc  form  Is 


Q‘^(x,  y)  -  -ji-  ^x^  -  2pxy  +  y^j 


(III-U) 


It  Is  required  In  this  section  to  find  the  p.d.f.  's  of  the  sum  s  •  x  -f  y  and  of  the 
product  z  ■  xy. 


First,  we  determine  p(s).  From  equation  (l-3a)  and  (lll-l) 


/oo 

W2(x,  s-x)  dx 
■ao 


,  ^  ■  2px(z-x)  +  (z-x)2) 

- i -  /  e  2(l-p2)  ^  . 


Completing  the  sqjoare  In  the  exponent  azid  simplifying 

,2 


p(s).-A_e  r.  ^ 


-  (X  -  1)2 


^2(l+p) 


2.2(1-Hj) 


(X  -  |)2 

00  ■  2  (kE)  1 
a  '  2  dx 
■00  -> 


16 


The  last  fcustor  in  the  bracket  is  equal  to  unity,  therefore 


2^ 

p(,) - 1 -  ,  2-2(l*0) 

■x/iit  a/2(1+p) 


e' 

fl 


(III-5) 


where 


ff2  ■  2(l+p) 


Is  the  variance  of  s. 

Figure  22  shows  p(s)  for  four  values  of  the  correlation  coefficient  p  (here  p  is 
numerically  equal  to  the  covariance  of  x  and  y).  When  p  >  -1  the  variables  x  and  y 
are  entirely  dependent  and  in  fact  y  *  -x  with  probability  one.  Therefore,  p(s)  is  a 
delta  function  at  s  ■  0.  When  p  =  0,  the  variables  x  and  y  are  Independent  .  This 
particular  p(s)  is  the  same  as  the  case  2  of  section  I,  where  the  variance  of  s  Is  2. 
When  p  =  1,  the  variables  x  and  y  are  again  entirely  dependent  but  this  time  y  ■  x  with 
probability  one.  Therefore  p(s),  while  still  gousslan  In  she^,  has  o  >  2  and  variance 


Fig.  22.  P.D.F.  of  the  Sum  of  2  Dependent  Gaussian  Variates. 


*Note  that  it  is  a  property  of  gausslan  variables  that  zero  correlation  loplles 
Independence  of  variables  and  vice  versa. 
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Product 


18 


I 


Figure  23  shovB  p(z)  for  three  values  of  p.  When  p  ■  1,  z  ■  x^,  and  p(z)  is 
xvduced  to  the  slnpler  expression  derivable  by  a  nore  direct  method, 


When 


fo 


p(z)  ■  p(x2) 


z  <  0 


z  >  0 


p  -  -1,  z  ■  -x2  , 


and 


P(z) 


LO 


z  <  0 


z  >  0 


(: 


(: 


Z 


Fig.  23*  P*D.F.  of  the  Product  of  2  Dependent  Geuselu  Variates. 


When  p  s  0,  X  and  y  are  Independent.  The  p(z)  corresponding  to  this  particular  case 
is  the  same  as  the  case  2  of  section  II,  namely 

p(z)  -  I  [l  (iz)]  .  (III-IO) 

IV.  SUM  AND  PRODUCT  OF  TWO  DEPENDENT  INVERSE -SINUSOIDAL  VARIABIES 

For  the  variables  other  than  gaussian,  there  Is  no  longer  a  one-to-one  relation 
between  statistical  dependence  and  correlation.  While  it  is  true  that  independent 
variables  are  not  correlated,  zero  (linear)  correlation  does  not  always  Insure 
independence.  In  other  words,  the  covariance  matrix  of  two  non-gausslan  variables 
does  not  specify  uniquely  the  Joint  p.d.f. 

In  order  to  demonstrate  the  calculation  of  p.d.f. 's  of  the  sum  and  product  of 
two  dependent  sinusoidal  variables,  it  is  desirable  to  select  a  suitable  dependence 
condition  so  that  the  Joint  p.d.f.  will  resemble  to  a  certain  degree  that  of  the 
gaussian  variables.  It  is  well  known  that  the  constant-level  contours  of  the  Joint 
p.d.f.  of  two  gaussian  variables  are  ellipses.  In  the  following  example,  the 
boundary  of  the  Joint  p.d.f.  of  two  Inverse -sinusoidal  variables  is  also  an  ellipse. 

Let  0  and  a  be  two  independent  random  variables  whose  p.d.f.  's  Pj^(0)  and  P2(o) 
are  both  assumed  to  be  rectangular  and  centered  about  zero.  However,  the  range  of  9 
is  assumed  to  be  (-x,  n)  while  that  of  a  is  (-A,  a)  where  |A|<n.  Although  9  and  o 
are  Independent,  the  derived  variables  x  s  sin  9  and  y  ^  sin  {9  +  a)  will  be 
statistically  dependent.  We  shall  evaluate  the  p.d.f.  's  of  the  sum  s  >  x  y  and  the 
product  z  >  xy.  But  first,  it  is  required  to  derive  the  expression  for  the  Joint 
p.d.f.  W2(x,  y). 
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It  Is  given  that 


Pl(®) 


P2(«) 


i-(0  * 

(lV-1) 

—  rect  r  —  ^ 

2A  \  2^  / 

(lV-2) 

The  Joint  p.d.f.  of  9  and  ot  is 

W2(e,  a)  =  Pi(e)  pgCa)  “  ^  (  | )  «=*  (  ^  )  •  (iv-3) 

By  the  standard  technique  of  change  of  variables,  the  Joint  p.d.f.  of  (x,  y)  Is  given 
by 

W2(x,  y)  -  W2(0,  Ot)  i  (lV-4) 

J 


where  J  is  the  Jacobian  of  the  transformation,  given  as  follows 


(H)- 


bx 

cos  0 

cos(0 

+  a) 

b9 

b9 

k: 

0 

CO8(0 

+  ot) 

ba 

da 

s  cos  0  cos(0  +  a) 


^l-x2  •/l-y2  . 


(lV-5) 


*The  function  rect 


0 

-  1 
0 


0  <  - 

-  -  <  9  < 

2 

0  > 


n 

2 

7t 

2 

« 

2 


It  can  be  shown  that  due  to  periodicity  of  the  sine  function,  the  results  of  assuming 
either  pi(0)  =  i  rect  (  ^  )  or  Pi(0)  =  —  rect  (  —  J  will  be  the  same. 
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Substituting  (IV-3)  and  (IV-5)  Into  (IV-U),  we  get 


W2(x,  y)  -  ^  rect  ^  ^  rect  ^ 


Bln  y 


-  8ln~^x 


20 


) 


•'^1^ 


(iv-6) 


The  general  outlines  of  1/2(0,  0  +  a)  and  W2(x,  y)  In  their  respective  planes  are  shown 
in  Fig.  24.  The  altitude  of  W2(0,  0  +  cn)  la  constant  over  the  centred,  area  within  the 
boundaries,  but  Is  doubled  over  the  shaded  portions  at  two  corners  due  to  the  repetition 
property  of  sln(0  +  01)  when  0  +  0(  >  ^  .  The  function  W2(x,  y)  Is  not  constant,  but  la 
contained  within  the  elllpae.  Over  the  shaded  area  at  two  comers  the  function  Is 
doubly  folded  for  the  above  mentioned  reason. 
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Sum 

Now  ve  may  proceed  to  derive  the  p*d<f«  of  the  sum  p(s)<  With  the  help 
It  Is  evident  that 

p(8)  ■  /  W2(x,  y  »  s-x)  dx 

'^8-1 

^  /"  8ln-.^.(8-x)  -_B.ln-^x  \  _ 

2^  '^B-1  \  n  y  \  2^ 


Within  the  upper  and  lower  Integration  limit  of  x,  the  function 


rect 


(^) 


1  . 


However,  In  the  same  range 


rect  (  ) 


0  s-1  <  X  <  xj^ 


Lo 


■  i  L 


Xi  <  X  <  Xj 


Xg  <  X 


where  x^^  and  Xg  are  the  roots  of  the  equation 

sln"^(8-x)  -  sln"^  X  *  A 

Therefore,  equation  (lV-7)  may  be  rewritten  as 

.X2 


dx 


'‘I  (l-x2)  [1-(8-x)2] 


This  equation  Is  applicable  for  the  range  of  s 

0  <  s  <  1  a  where  a  >  cos  A 

For  the  range 


1  +  a  <  s  <  ^/2(1  +  a) 


of  Fig.  2k 


- dx  . 

(lV-7) 


(lV-8) 


(lV-9) 


(lV-10) 


(iv-11) 


(lV-12) 
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the  line  corresponding  to 


The  Integrals  in  (iV-ll),  (IV-I3)  and  (lV-i6)  are  all  reducible  to  the  elliptic 
integrcds  of  the  first  kind.  See,  for  exaa^le,  p.  71  of  Peirce,  "A  Short  Table  of 
Integrals."  The  resulting  expressions  are  summarized  on  the  next  page: 


(l)  0  <  s  <  1  a  (&  *  cos  A) 

p(8)  =  [F(a,  )  -  F(a, 

rSKmt  ^ 


where  F  Is  the  elliptic  integral  of  the  first  kind. 


(lV-17) 


where  the  symbols  are  the  same  as  in  (l) 

(3)  2(1  +  a)  <  s  <  2 

pCs)  =  i-  K(a) 

An 

where  K  is  the  coiqplete  elliptic  Integral  of  the  first  kind> 


(lV-18) 


(lV-19) 


The  graphs  of  p(s)  cue  plotted  in  Fig.  2^  for  3  vedues  of  a(>  cos  A).  The 
corresponding  outlines  of  W2(x,  y)  are  shown  in  Fig.  26.  The  values  of  Smav  are  given 
by  equation  (iV-lk).  It  is  seen  that  for  a  »  1,  i.e.,  A  =  0,  x  and  y  are  entirely 
dependent  and  y  »  x  with  probability  one.  Therefore,  s  «  2x,  and  p(s)  is  similar  to 
P]^(x)  except  for  a  scale  factor  of  2.  For  a  a  -l,  i.e.,  A  >  n,  x  and  y  eae  statis¬ 
tically  Independent,  and  the  resultant  pCs)  is  identical  to  case  4  of  section  I. 
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Flg<  2^.  P.D’F.  of  the  Sun  of  Tvo  Dependent  Sinusoidal  Variates. 

(a  m  cos 
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Product 


Nov  ve  proceed  to  derive  In  a  similar  manner  tbe  p>d.f>  of  the  product  p(z),  vhere 
z  ■  xy  and  W2(x,  y)  Is  given  by  eqjiatlon  (lV-6).  Referring  sgaln  to  Fig.  2k  the 
elliptical  outline  for  W2(x,  y)  remains  the  same.  However,  the  lines  which  correspond 
to  the  constant  product  are  the  hyperbolic  segments 


xy  «  z  (lV-18) 


contained  within  the  square  of  xy  plane.  It  can  be  shown  that  the  general  expression 
of  tbe  p.d.f.  of  z  Is 


Here,  as  before,  the  value  of  the  function 


within  the  range  z  <  x  <  1.  However,  the  function 

8ln"^(-|-)  -  sin" 


8in"^(— )  -  Bln’ 


dx  • 


(iv-19) 


rect 
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within  the  range  z<X2^<  x<X2<l  where  X]_  and  xg  are  the  roots  of  the  equation 


sin"l  —  -  sin"l  X  »  A 

X 


Therefore,  equation  (IV-19)  is  reduced  to 

'Xg 


■  s  L 


dx 


Vl-x^  'n/x^  - 


This  Integral  is  again  reducible  to  the  elliptic  integral  of  the  first  kind. 

results  are  summarized  below: 

(1)  0  <  z  <  a  (=  cos  a) 

p(2)  =  i-  [F(a,  j!fi)  -  F(a,  0g)] 

A:: 

where  F  is  the  elliptic  integral  of  the  first  kind. 


(2) 


a  =  sln"^k, 

»■  sin'^bj^, 


k  - 

0g  =  sin^^bg 


/l-Xi 


'1-Zg 


fl-X/- 


rl-z^ 


1  ■  1  •*•  2az  -  e?  ^  1  ^i_a^)ll  -  a®  +  4z  (a-z)] 
«  2  2  ^ 


Xg 


a  <  z  < 


1  +  a 


p(z)  =  ^  [2K(a)  -  F(a,  01 )  +  F(a,  02)] 

A« 

where  K  is  the  complete  elliptic  Integral  of  the  first 
kind  and  other  symbols  are  the  same  as  in  (1). 


(3)  <  z  <  1 

P(z)  -  K(a) 
Ax 


(M 


-1  <  z  < 
p(z)  «  0 


(5) 


a  -  1 


<  z  <  0 


P(z)  -  ^  lF(a,  0i)  -  F(a,  02)1 


(lV-20) 


(lV-21) 

The 


(lV-22) 


(lV-23) 


(IV-2U) 


(lV-25) 


(lV-26) 


30 


31 


DISTRIBUTION  LIST 


Code 
AF  5 

AF  18 

AF  43 

AF  124 

AF  139 
AF  318 

Ar  5 

Ar  9 

Ar  50 

Ar  67 

G  2 

G  68 

G  109 


AIMTC  (APKPC  Tech  Ubrary  -  MU  -  135 
Patrick  Air  Force  Base,  Florida 


AUL 

Maxwell  Air  Force  Base,  Alabama 


ASD  (ASAPRD-  Dlst) 

Wrlght-Patterson  Air  Force  Base,  Ohio 
RADC  (RAYLD) 

Orlfflss  Air  Force  Base,  New  York 
ATTN ;  Documents  Library 

AF  Missile  Development  Center  (MDGRP) 
Holloman  Air  Force  Base,  New  Mexico 


ARL  (ARA-2) 

Ubraiy  AFL  2292,  Building  450 
Wrlght-Patterson  Air  Force  Base,  Ohio 


Conmandlng  General 
USASRDL 

Ft.  Monmouth,  New  Jersey 
ATTN:  Tech.  Doc.  Ctr. 

sigra/sl-adt 


Department  of  the  faviy 

Office  of  the  Chief  Signal  Officer 

Washington  25,  D.  C. 

SIGRD-4a-2 


Commanding  Officer 
ATTN:  ORDTL-012 

Diamond  Ordnance  Fuze  Laboratories 
Washington  25,  D.  C. 

Redstone  Scientific  Information  Center 
U.  S.  Army  Missile  Command 
Redstone  Arsenal,  Alabama 

ASTIA  (TIPAA) 

Arlington  HaJ.!  Station 
Arlington  12,  Virginia 

National  Aeronautics  and  Space  Agency 
1520  H  Street,  N.W. 

Washington  25,  D.  C. 

ATTN :  Library 

Director 

Langley  Research  Center 

National  Aeronautics  and  Space  Administration 
Langley  Field,  Virginia 


32 


Organization 


Mb.  of  Coplaa 


AFCRL,  OAR  (CRIPA  -  Stop  39) 

L.  G.  Hanscom  Field 
Bedford,  Maaaactauaetta 

AFCRL,  OAR  (CRIP,  J.  R.  MaxTle) 
L.  0.  Hanacom  Field 
Bedford,  Maaaacbusetts 


I  292 


Chief,  Bureau  of  Naval  Weapona 
Department  of  the  Navy 
Waahlngton  2^,  D.  C. 

ATTN:  DU -31 

Director  (Code  2027) 

U*  S.  Naval  Reaearch  Laboratory 
Waahlngton  25,  D.  C. 

Director,  USAF  Project  RAND 
The  Rand  Corporation 
1700  Main  Street 
Santa  Monica,  California 
THRU:  AF  Ualson  Office 


AF  253 


Ar  107 


Technical  Information  Office 
European  Office,  Aeroapace  Reaearch 
Shell  Building,  47  Canterateen 
Brussela,  Belgium 

U.  S.  Army  Aviation  Ehiman  Reaearch  Unit 
U.  S.  Continental  Amy  Command 
P.  0.  Box  426,  Fort  Rucker,  Alabama 
ATTN:  MaJ.  Ame  H.  Ellaaaoo 


Library 

Boulder  Laboratories 
National  Bureau  of  Standards 
Boulder,  Colorado 

Institute  of  the  Aerospace  Sciences,  Inc. 
2  East  64th  Street 
New  York  21,  New  York 
ATTN :  Librarian 

Office  of  Naval  Research 
Branch  Office,  London 
Navy  100,  Box  39 
F.  P.  0.  New  York,  Hew  York 

Massachusetts  Institute  of  Technology 
Reaearch  Laboratory  of  Electronics 
Building  26,  Room  327 
Cambridge  39,  Massachusetts 
ATTN:  John  H.  Hewitt 


0  431 


Aldeman  Library 
Ukilvaralty  of  Virginia 
Charlottesville,  Virginia 


33 


Code 


0  9 

AF  2 

AT  19 
AF  3^ 
AF  35 
AF  37 

AF  55 
AF  76 

AF  153 

AF  179 

AF  225 
AF  332 
Ar  4 

Ar  20 


Orgaxilzatlon 


Defense  Hesearch  Member 
Canadian  Joint  Staff 
2450  Massachusetts  Avenue,  N.W. 
Washington  8,  D.  C. 

ADC  (ADLAN-G) 

Ent  Air  Force  Base,  Colorado 


AWS  (. 
Scott 


(AWSSS/TIPD) 
t  Air  Force 


Base,  Illinois 


Offutt  Air  Force  Base,  Nebraska 


Langley  Air  Force  Base,  Virginia 

USAF  Security  Service  (ESD) 

ATTN:  Directorate  of  Systems  Engineering 
DSC /Communications -Electronic s 
San  Antonio,  Texas 

WADD  (WCLNX) 

Wrlght-Patterson  Air  Force  Base,  Ohio 

Air  Proving  Ground  Command 
SAGE  Project  Office  (Building  6) 
c/o  RAND  Corporation 
P.  0.  Box  98 

Lexington  73,  Massachusetts 

AF  Ballistic  Missile  Wvision  (WDSOT) 

Air  Force  Unit  Post  Office 
Los  Angeles  45,  California 

AFOSR  (Dr.  Harold  Wooster) 

Director 

Research  Infomatlon  Office 
Wublngton  25,  D.  C. 

RADC  (RCUAI) 

Ozlfflss  Air  Force  Base,  New  York 
WADD  (WWBNCS) 

Wrlght-Patterson  Air  Force  Base,  Obio 
Director 

Evans  Signal  Laboratory 
Belaar,  New  Jersey 
ATTN:  Mr.  S.  Groasaazm 


Chief,  U.  S.  Azmy  Security  Agency 
Arlln^on  Hall  Station 
Arllngtan  12,  Virginia 
ARI:  ACOrs,  04,  TL  Section 


34 


Ar  66 


1 


ConmandlQg  General 

U>  S.  Amy  Electronic  Proving  Ground 

Fort  Huachuca,  Arizona 

ATTN:  Technical  Library,  SIGPG-tM 


Ar  111  USASDRL  (SIGRA/SLNAC,  Mr.  J.  Bartow)  1 

Ft.  Monmouth,  New  Jersey 

Ar  121  USASDRL  (S1GRA/SL-NAC,  Mr.  G.  Balano)  1 

Ft.  Monmouth,  New  Jersey 

G  4l  Federal  Aviation  Agency  1 

Bureau  of  Research  and  Development 
Washington  25,  D.  C. 

0  75  Director  1 

National  Security  Agency 
Fort  George  G.  Meade,  Maryland 
ATTN:  C37tDL 

G  109  Director  1 

Langley  Research  Center 

National  Aeronautics  and  Space  Administration 
Langley  Field,  Virginia 

I  33  ADCOM  1 

238  Main  Street 
Cambridge,  Massachusetts 
ATTN:  Phillip  Bello 

I  38  Slgnatxon,  Inc.  1 


Miller  Building 
59^  Marret  Road 
Lexington  73 >  Massachusetts 
ATTN:  Dr.  Julian  Busagang 

I  51  HRB  Singer,  Inc.  1 

1517  Science  Avenue 
State  College,  Pa. 

I  76  Autonetlcs  1 

9150  E.  Ii^rial  Highway 
Downey,  California 
ATTN :  Technical  Library, ’ 393-52 

I  96  Sandla  Corporation  1 

Sandla  Base,  P.  0.  Box  58OO 
Albuquerque,  New  Mexico 
ATTN:  Classified  Document  Division 

I  126  Convalr,  A  Olvlsioo  of  General  Dynamics  Coip.  1 

Fort  Worth,  Texas 

ATTN:  K.  G.  Brown,  Division  Research  Librarian 

I  130  Parke  MatheaatlcsG.  Labs,  Inc.  1 

Bedford  Road,  Carlisle,  Nassachuaatts 
ATTN:  Dr.  Nathan  Orlar  Parke,  III 


35 


Code  Organization  Ho.  of  Copies 

I  190  Motorola,  Inc.  1 

Phoenix  Beaearch  Laboratory 
3102  No.  56th  Street 
Phoenix,  Arizona 
ATTN :  Technlced.  Librarian 

I  194  Rand  Corporation  1 

1700  Main  Street 
Santa  Monica,  CcLLlfoznla 
ATTN:  Dr.  A.  L.  Hlebert 

I  228  Phllco  CojTxsratlon  1 

Research  Division,  Plant  No.  50 
4700  Wlssahlckon  Avenue 
Philadelphia  44,  Pa. 

ATTN:  S.  Zebrowltz 

I  238  General  Electric  Company  1 

Knolls  Research  Laboratory 

I  River  Road 
Schenectady,  New  York 
ATTN:  Dr.  R.  L.  Shuey 

I  266  ITT  Federal  Laboratories  1 

Technical  Library 
500  Washington  Avenue 
Nutley  10,  New  Jersey 

I  291  Radio  CozYxiratlon  of  America  1 

Defense  Electronic  Products 
Building  10,  Floor  7 
Camden  2,  New  Jersey 

ATTN:  Mr.  Harold  J.  Schrader,  Staff  Engineer 

Organization  of  Chief  Technical  Administrator 

I  312  STL  Technical  Library  1 

Document  Acquisitions 
Space  Technology  Laboratories,  Inc. 

P.  0.  Box  95001 

Los  Angeles  45,  California 

I  376  Hughes  Aircraft  Conqpany  1 

Culver  City,  California 
ATTN:  Dr.  S.  Q.  lutz 

Comsunlcatlon  and  Miniaturization  Department 

I  445  The  Rand  Corp.  1 

1700  Main  Street 
Santa  Monica,  Callfoznla 
ATTN:  Dr.  R.  E.  Kalaba 

Melpeu:,  Inc. 

II  Giden  Street 
Watertoim,  Massachusetts 
ATTN :  Librarian 


I  561 


1 


Code 


I  67k 

I  675 

I  784 

I  921 

I  922 

I  957 

M  54 

M  55 

H  37 

N  57 

H  59 

N  85 


Stanford  Research  Institute 
Menlo  Park,  California 
ATTN:  W.  R.  Vincent 


Hazeltine  Research  Corp. 
59"25  Little  Neck  Parlcway 
Little  Neck  62,  New  York 
ATTN :  Donald  Rlchman 


Sylvanla  Electronic  Systems 
Applied  Research  Laboratory 
100  First  Avenue 
Waltham,  Massachusetts 
ATTN:  Dr.  Seymour  Stein 

Litton  Systems,  Inc. 

221  Crescent  Street 
Waltham,  Massachusetts 
ATTN:  Dr.  David  Van  Meter 


The  Mitre  Corp. 

Middlesex  Turnpike 
Bedford,  Massachusetts 

Alton  T.  Butson 
2030  109th  Street,  N.E. 

Bellevue,  Washington 

Hq.  £3D  (ESREW,  Major  John  J.  Hobson) 
L.  G.  Hanscom  Field 
Bedford,  Massachusetts 

E3D  (ESRDW,  Directorate  of  Technology) 
Applied  Research  Division 
L.  G.  Hanscom  Field 
Bedford,  Massachusetts 

Office  of  Naval  Research 
Department  of  the  Navy 
Washington  25,  D.  C. 

ATTN:  Code  427,  Electronics  Branch 

Chief,  Bureau  of  Ships 
Department  of  the  Navy 
Washington  25,  D.  C. 

ATTN:  Mr.  D.  Head,  Code  823 

U.  S.  Naval  Air  Development  Center 
Johns vl lie,  Pennsylvania 
ATTN :  Librarian 


Comnanding  Officer  &  Director 

U.  S.  Navy  Electronics  Laboratory  (idbraxy) 

San  Diego  32,  California 


37 


No.  of  Copies 


Code 

u  26 

U  37 

U  Ul 

U  60 

U  144 

u  157 

U  286 

U  397 

u  396 

U  406 


Organization 

Massachusetts  Institute  of  Technology 
Lincoln  Laboratory 
P.  0.  Box  73 

Lexington  73>  Massachusetts 
ATTN:  Mary  A.  Granese^  Librarian 

University  of  Michigan 
Engineering  Research  Institute 
Willow  Run  Laboratories 
Willow  Run  Airport 
Ypsllantl,  Michigan 
ATTN :  Librarian 

Northeastern  University 
Electronics  Research  Laboratory 
Boston,  Massachusetts 
ATTN:  M.  W.  Esslgmann 

New  York  University 

College  of  Engineering 

university  Heights 

New  York  53,  New  York 

ATTN:  Dr.  Robert  F.  Cotellessa 

Jet  Propulsion  Laboratory 
California  Institute  of  Technology 
4800  Oak  Grove  Drive 
Pasadena  3,  California 
ATTN:  Dr.  Eberhardt  Rechtin 

California  Institute  of  Technology 
Jet  Propulsion  Laboratory 
4800  Oak  Grove  Drive 
Pasadena  3,  California 
ATTN:  Mr.  I.  E.  Newlan,  Manager 
Technical  Reports  Section 

University  of  Michigan 
Research  Institute 
North  Caopus,  Ann  Arbor,  Michigan 
ATTN:  Gordon  Roberts 

Polytechnic  Institute  of  Brooklyn 
Microwave  Reseetrch  Institute 
Johnson  Street 
Brooklyn,  Hew  York 
ATTN:  Prof.  E.  J.  Smith 

Syracuse  Utalverslty 
Syracuse  10,  New  York 
AITTN:  Prof.  F.  Reza 

Massachusetts  Institute  of  Technology 
Department  of  Electrical  Engineering 
Cembridge,  Massachusetts 
ATTl:  Mr.  Jack  Cowan 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


38 


Ho.  of  Copleg 


Code  Organization 

U  408  Johns  Hopkins  IMlverslty  1 

School  of  Engineering 
34th  and  Charles 
Baltimore  l8,  Maryland 
AITN:  W.  H.  Huggins 

U  4ll  Montana  State  College  1 

Electronics  Research  Laboratory 
Bozeman )  Montana 
ATTN:  Or.  W.  Kilmer 

U  395  Advanced  Electronics  Center  1 

at  Cornell  University 
General  Electric  CogQ>any 
Ithaca,  New  York 
ATTN:  Dr.  Robert  Turner 

Hq,.  AFCRL,  Office  of  Aerospace  Reaecorch  (CRBC)  1 

L.  G.  Hanscom  Field 
Bedford,  Massachusetts 

Hq.  AFCRL,  Office  of  Aerospace  Research  (CRRS)  6 

L.  G.  HanMom  Field 
Bedford,  Haseaehueetts 


39 


